Abstract. Inspiring the ideas of the test spaces of effect algebras, we introduce test spaces of pseudo-effect algebras. We show that there is a one-to-one correspondence among algebraic test spaces and pseudo-effect algebras. This correspondence gives a test on a pseudo-effect algebra as a decomposition of unity, which corresponds to hypothesis in the statistical models.
Introduction
In the beginning of Nineties, D-posets, and equivalently, effect algebras were introduced by Kopka and Chovanec [KoCh] and Foulis and Bennett [FoBe] , respectively, into quantum structures. The most important example of them is the system S(H) of all Hermitian operators A on the Hilbert space H such that O < A < I, where O and I are the null and identity operators on H.
If we drop the commutativity in the definition of effect algebras, we obtain a more general structures called pseudo-effect algebras introduced recently by the author and Vetterlein in [DvVe I], [DvVe II]. They generalize effect algebras as well as pseudo MV-algebras introduced by Georgescu and Iorgulescu in [Gelo] . In many important cases pseudo-effect algebras are intervals in unital po-groups.
Our non-commutative algebras are analogs of the non-commutative reasoning. Such a kind of reasoning can be met in the every-day life quite often. Many psychological processes depend on the order of certain circumstances. The result is not the same when we dress, e.g., first shoes and then socks or conversely. Today there exists even a programming language [Bau] based on a non-commutative logic.
Also a quantum mechanical measurement gives a non-commutative procedure, i.e., when the result depends on the order of measuring procedure. For example, let an optical bench in which a beam of particles is prepared in a certain state is injected at the left and then subjected to a sequence of filters Fi,..., F n . It is well-known that the order of placement of the filters makes a difference. For example, let Fi, F2, F3 be polarizing filters in planes perpendicular to the particle beam, where F\ polarizes vertically, F2 horizontally and F3 at a 45° angle. If we place filters in order Fi,F2,F3, then no particles are detected, but in the order Fi, F3, F2 particles are detected. The difference is due to quantum interference, and such a non-commutative phenomenon occurs for many other quantum measurements.
Such non-commutative phenomena are in literature nowadays presented also as a sequential conjuction or sequentially independent effects by Gudder and Nagy [GuNa] and by Gudder and Greechie [GuGr 1] or sequential probability models by Foulis [Fou] .
In the present paper, we introduce tests and test spaces (Section 2) which are based on the original ideas of Foulis and Randall [FoRa] who gave a new mathematical foundation of operational probability theory and statistics based upon a generalization of the conventional notion of a sample space in the sense of Kolmogorov [Kol] . For effect algebras this notion was presented by the author and Pulmannova [DvPu 1 ] (for D-posets) and Gudder [Gud] (see also [DvPu 2]) .
In Section 3, we show that there is a one-to-one correspondence between algebraic test spaces and pseudo-effect algebras (the main results are Theorem 3.2 and Theorem 3.3). In Section 4, we introduce a tensor product of pseudo-effect algebras and we show that analogically as for effect algebras, any two pseudo-effect algebras with states admit a tensor product. This generalizes the result from [Dvu] for effect algebras. The tensor product presents a coupled system of two (quantum mechanical) systems.
The tensor product of a pseudo-effect algebra and a Boolean algebra always exists and it is a so-called bounded Boolean power studied in Section 5. Finally, Section 6, if a pseudo-effect algebra has a richer structure, i.e., when it is a pseudo MV-algebra, we show that there is a one-to-one correspondence among pseudo MV-algebras and special algebraic test spaces satisfying a form of the Riesz decomposition property.
Test spaces
Inspired by Foulis and Randall, we introduce the tests and the test spaces which are a generalization of the conventional notion of a sample space in the sense of Kolmogorov [Kol] .
Let X be a non-empty set, elements of X are called outcomes. Let W(X) be the set of all finite sequences (including also the empty sequence 0) (called words) F = (xi,..., x n ) (n = 0,1,2,...) of elements of X. For two finite sequences F = (xi,..., x n ) and G = (yi,..., ym) we write (i) F 4 G iff n < 771 and if there is a subsequence (jx,..., j n ) of (1,..., m) with j\ < • • • < j n such that Xi = yji for i = 1,... n, and
(ii) F + G := (si,...,xn,yi,...,ym).
DEFINITION 2.1. Let T C W(X) be a non-empty family of finite sequences of X ^ 0. We say that the pair (X, T) is a test space if and only if the following two conditions are satisfied:
(
ii) If S, T e T and S ^ T, then S = T.
Any element of T is said to be a test.
LEMMA 2.2. If F is a test, then F is a non-empty sequence.
Proof. Let F = 0 e T. Then, for any T G T, F ^ T implies F -T and, by (ii) of Definition 2.1, T = 0 which is in the contradiction with the condition (i) of Definition 2.1.
• Let (X, T) be a test space and let F and G be two finite sequences from W{X). We (i) write F 1 G if and only if there is a test T G T such that F + G ^T] (ii) write F locG, if and only if there is a test T G T such that F + G = T and we say that G is a right local complement for F, and F is a left local complement for G; (iii) say that F and G are left and right perspective with left and right axes Hx and if2, respectively, in symbols F « G, if and only if they share a common left local complement Hx and a common right local complement H^-Let (X, T) be a test space. A finite sequence G G W(X) is said to be an event if G has a left local complement H\ and a right local complement #2-We denote by £ := £(X, T) the set of all events for (X, T). Clearly 0 G £. Proof. It is sufficient to prove transitivity of Suppose F,G,H e £ with F « G and G « H. Let K\ be a common right local complement for G and H. By Lemma 2.4, Ki is a common right local complement of F and H.
In a similar way we proceed with left local complements.
•
Test spaces versus pseudo-effect algebras
In the present section, we show that there exists a one-to-one correspondence between algebraic test spaces and pseudo-effect algebras. As a consequence, we obtain that, for example, all decompositions of unity of the pseudo-effect algebra form an example of an algebraic test space.
A partial algebra (¿5;+,0,1), where + is a partial binary operation and 0 and 1 are constants (0^1), is called a pseudo-effect algebra ([DvVe I, DvVe II]) if, for all a,b,c G E, the following holds 
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(ii) for any a € E, there is exactly one d € E and exactly one e € E such that a + d = e + a = 1; (iii) if a+b exists, there are elements d,e G E such that a+b = d+a = b+e; (iv) if 1 + a or a + 1 exists, then a = 0.
If we define a < b iff there exists an element c € E such that a + c = b, then < is a partial ordering on E such that 0 < a < 1 for any a € E. If E is a lattice under <, we say that E is a lattice pseudo-effect algebra.
If a + b £ E we write a J_ b. If 4-is commutative, i.e., if a + b = b + a, E is said to be an effect algebra.
Let E be a pseudo-effect algebra. Let / , \ be two partial binary operations on E such that, for a,b € E, a / b is defined iff b \ a is defined iff a < b, and such that in this case we have
Let (E\; +, 0,1) and (E2; +, 0,1) be two pseudo-effect algebras. We recall that a mapping <j> : E\ -• Ei is (i) a morphism iff 0(1) = 1, andp+g 6 Ei, p,q € E\, implies 4>{p)+<f>{q) 6 E 2 and 4>{p + q) = <f>(p) + 4>{q);
(ii) a monomorphism iff 0 is a morphism and <f>{p) + <p(q) is defined in E2 ifip + qE Ei;
(iii) an isomorphism iff 0 is a surjective monomorphism, and we say that
Ei is isomorphic to E2 • Let E = (E\ +, 0,1) be a pseudo-effect algebra. We define a" := 1 \ a and a~ := a / 1 for any a € E.
For example if (G,u) is a unital (not necessary Abelian) p.o.-group with strong unit u, and
is a pseudo-effect algebra if we restrict the group addition + to r(G, u). In [DvVe II], there are conditions showing when a pseudo-effect algebra can be represented in this way. A finite sequence F = (a\,..., a n ) of non-zero elements of a pseudo-effect algebra is said to be a finite decomposition of 1 if
We denote by V(E) the set of all finite decompositions of 1; it is clear that (1) € V{E). We recall that some elements in a finite decomposition can repeat. 
Let E be a pseudo-effect algebra. Then (E \ {0},V(E)) is an algebraic test space.
Proof. Let a be a non-zero element of E If a = 1, then (1) G V{E), and if 0 ^ o ^ 1, then (a, 1 \ a) G T>(E), which proves that (i) of Definition 2.1 is satisfied. It is clear that if T = (ai,..., a n ) and S = (bi,... , b m ) are two finite decompositions of 1 such that T then T = S, i.e., (E\{0}, T>(E)) is a test space.
We recall that an event is any finite sequence (ai,..., a n ) of elements of E such that ai H h a n G E.
The empty sequence is identified with the zero element. Moreover, (X, T) is algebraic. Indeed, let F, G, H be events such that
be a right axis for F fa G. Now 0.F© ($K = 1 = (&G®®K and® F®&H = l,so that by the cancellation, 0 ii = 0 if and 0 G © 0 if = 1, hence GlocH.
In a similar way we proceed if if is a left local complement of F, which proves that (E \ {0},V(E)) is an algebraic test space.
• In view of Lemma 2.5, we can introduce the following notions. Let (X, T) be an algebraic test space. If F G £, we define 7r(F) := {G G £ : G « F} and we refer to n(F) as the proposition affiliated with F. The set where T is any test. We now present two main results of this section. Proof. We define a partial binary operation + on II(X) as follows. For two elements a = K{A) and b = 7r(JB), a+b is defined in II(X) and equal c = 7r(C) iff there exists an event C' G ir(C) such that for some A' G tt(A) and B' G 7r(J3) with A' + B' « C'. The algebraicity of the test space yields that our partial binary operation + is well-defined. In addition, it is associative, For F = (ai,..., a n ), ij € E, i = 1,..., n, we write 0 F ai -i-• + a" supposing that the element ai + • • • + a n is defined in E, in such a case we say also that F is 0-orthogonal. Proof. Let E be a pseudo-effect algebra and let X = £\{0} and T = V(E) be the set of all finite decompositions of 1. By Proposition 3.1, (X,£) is an algebraic test space. Let II(X) be the logic of X. By Theorem 3.2, II(X) is a pseudo-effect algebra. Define a mapping cj): E -> II(X) by
The mapping (j> preserves the partial addition + from E onto II(X). Indeed,
, respectively, are partitions of 1, which implies that <p(a) ± 0(6), and <j)(a + 6) = (j>{a) + (f>{b).
Let now 7r((a)) _L 7r((b)).
There is a partition of 1 containing a and b, hence a Lb in E. This proves that (f> is injective. To prove that <f> is onto, let A = (ai,..., a n ) be an event. Then 0 A is defined if E, and put a = ®" =1 Oj. Therefore, hence <f > is onto.
• Finally we compare tests and test spaces connected with effect algebras. We recall that if E is an effect algebra (i.e., a commutative pseudo-effect algebra), then we can define na := a + • • • + a for an integer n > 0 and any element a € L supposing that the sum na is defined in E. If (ai,... ,a n ) is any decomposition of unity, then so is (a^,..., a in ) for any permutation (¿x,... ,i n ) of (1,... ,n). Therefore, if T = (xi,... ,x n ) is a test, we identify all tests of the form (x tl ,...,
for any permutation (i\,..., i n ) of (1 ,...,n) to obtain a test of the effect algebra. This can be more better expressed via Gudder's notion of a test (see [Gud] , or [DvPu 2, p. 290] ): Let X be a nonempty set describing a system, and let T C {0,1,2,.. ,} x . We call (X, T) a test space if (1) for any x € X there exists a T € T such that T(x) ^ 0; (2) if S, T e T with S <T (i.e., S{x) < T{x) for all x € X), then S = T. n tt{A) = 7r((ai,... ,a n )) = 07r((a¿)) = vr((a)) = <f>(a), i-1
A. Dvurecenskij
So let E be an effect algebra. Set X = E \ {0}. We define a test space T as the system of all functions F : X -• {0,1,2,...} such that F is zero for all but finite numbers of X and £jP(a)a = l.
a£E
Using the ideas in Theorem 3.2 and Theorem 3.3, we can obtain the corresponding results also for effect algebras.
Tensor product of pseudo-effect algebras
The event structure of a quantum physical system is identified with a quantum logic or an effect algebra [DvPu 2 ] in contrast to classical mechanics when it is assumed to be a Boolean algebra. One of important problems is a coupled system of two independent physical systems P and Q. The event structure L of this coupled system, if it exists, is usually called a tensor product, and we write L = P <g> Q. Tensor product for effect algebras was introduced by the author [Dvu] . In the present section, we study the tensor product of pseudo-effect algebras.
Let P, Q, L be pseudo-effect algebras. A mapping Let P and Q be pseudo-effect algebras. We say that a pair (T, r) consisting of a pseudo-effect algebra T and a bimorphism r: PxQ -y T is a tensor product of P and Q if and only if the following conditions are satisfied:
(i) If L is a pseudo-effect algebra and P : PxQ-* L is a bimorphism, there exists a morphism <j>: T -• L such that P = <j> o r. (ii) Every element t of T is a finite orthogonal sum of elements of the form = r(p, q) with pe P,q eQ, i.e. t = 0" =1 t(pu qj, Pi € P and qi € Q, i = 1,..., n, n > 1.
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It is not hard to show that if a tensor product (T, r) of P and Q exists, it is unique up to isomorphism, i.e., if (T,r) and (T*,T*) are tensor products of pseudo-effect algebras P and Q, then there is a unique isomorphism <p : T->T* such that <t>(r(p, q)) = r*(p, q) for all p G P, q G Q.
THEOREM 4.1. Two pseudo-effect algebras P and Q admit a tensor product if and only if there is at least one pseudo-effect algebra L for which there is a bimorphism (3 : P x Q -> L.
Proof. The necessary condition is evident.
For the sufficiency, suppose that N is the subset of P x Q consisting of all (p, q) such that (3(p,q) = 0 for every bimorphism (3 on P x Q. Define X := (PxQ)\N. If A -((pi,gi) ,..., (p n ,g")) is a finite sequence of elements from P x Q and (3 : P x Q -> L is a bimorphism, it is clear that Denote by H the set of all finite sequences H of elements from X such that for every bimorphism /?, (3(H) is a finite decomposition of 1. It is clear that 7i is non-empty, since (1,1) € H. We assert that (X,H) is an algebraic test space. The set of all events, £(X,H), is the set of all finite sequences A = ((pi,Qi), • • •, (p n , In)) (may be also empty) such that there are two finite sequences (including empty ones) ((oi, &i),..., (a m , b m )) and ((ci,di),..., (CJJJ', dm'))
elements from X such that ((pi, qi) E H. According to Theorem 3.2, II(X) := {K(A) : A 6 £(X,7i)} can be organized into a pseudo-effect algebra.
Put now P®Q:= II(X) and define a mapping P x Q -» P ® Q via For simplicity, we often write p <8> q rather than ®(p, q). We assert that ® : PxQ -> P®Q is a bimorphism. Indeed, since (1,1) € Tt, we have <g)(l, 1) = tt((1, 1)) = 1. Suppose that a,b € P with a _L b and q € Q. We have to show that a®q _L b®q and
= (a®q) + (b®q). If (a, q) € JV or (b, q) € N, this is clear, so we may assume that (a, q), (b, q) E X. If (3 is any bimorphism on PxQ, we have (3(a + b,q) -(3(a,q) + (3(b,q). Hence (a + b,q) « ((a, q), (b, q)), so that (a + b) ® q = (a <g> q) + (b <g> q).
A
similar argument shows that p® (c + d) -(p® c) + (p® d) holds for p G P and c,d G Q with c J_ d.
It remains to prove that (P <g> Q, <8>) is a tensor product of P and Q. Since every element of P <g> Q = II(X) can be written in the form 7r(A) = ©M(P> l)) '• (P, <l) ^ A} = 0{p ® q : (p, q) 6 A}, every element of P <g> Q is a sum of finitely many elements p<S>q.
Finally, suppose that ¡3 P x Q -> L is a bimorphism. If A, B G £{X, 1~C) and A « B , then 0 /3(A) = 0/3(5), hence we can define a mapping <f>: P ® Q L by 0(tt(A)) = 0/3(4) for every k{A) G n(X). Obviously, <j> is a morphism and we have /3(p, q) = <p(p ® q) for all p G P, q € Q.
• Unless confusion threatens, we usually refer to P ® Q rather than to (P <8> Q, <8>), as being a tensor product.
We recall that a state on a pseudo-effect algebra E is any mapping fi :
It is interesting to note that a state is in fact a morphism from the pseudo-effect algebra E into the pseudo-effect algebra [0,1] = r(R, 1).
We recall that by a weight on a test space (X, T) we mean any mapping ui : X -> [0,1] such that, for any test T - (x\,..., xn) , we have
t=l It is clear that of E is a pseudo-effect algebra with a state /z, then the mapping u> is a weight on the algebraic test space (E \ {0},£>(£)), where u is defined by u(x) = n{x), x e E\{0}, and conversely, any weight u on (E \ {0},T>(E)) define a state pi on E by fi{0) = 0 and /i(s) = u(x) for xe E\ {0}. Proof. Let L = [0, 1] = r(R, 1) be endowed with the natural ordering and the usual addition + restricted to [0, 1] . Then L is a pseudo-effect algebra. Choose two states ¡i and v on P and Q, respectively, and define a mapping P^v : P x Q -> L such that (4.1) ¡3^(P, V) = MP) • "(9), p€P,q€Q.
Then (3^ is a bimorphism, which, by Theorem 4.1, is a necessary and sufficient condition for P and Q to admit a tensor product. Since /3m" is a bimorphism, from the definition of P ® Q it follows that there is a morphism </ > : P <g> Q -* [0, 1] such that <j)(p <g> q) -q), p G P,q G Q. But it means that ^ is a state on P x Q with the desired property (4.1). The uniqueness of <f> is clear due to the property of P ® Q that any element t 6 P 0 Q is of the form t -0"=i Pi <8> ft.
• We note that Gudder and Greechie [GuGr] (see also [DvPu 2, Ex. 4.2.4] ) have an example of stateless effect algebras which admit no tensor product in the category of effect algebras.
Bounded Boolean power and tensor product of pseudo-effect algebras
A special kind of a tensor product is needed if we wish to describe a coupled system consisting of one quantum system and one classical one. This situation arises for example by quantum measurements, where we wish to measure a quantum observable by a measuring device. In the present section, we describe a bounded Boolean power which is a tensor product of a pseudo-effect algebra with a Boolean algebra which always exists. For effect algebras (= D-posets) this was studied in [DvPu] . We recall that by the bounded Boolean power of a pseudo-effect algebra E and a Boolean algebra B we mean the pseudo-effect subalgebra of rises Es, where Es = E for each s 6 S, where S is the Stone space for the Boolean algebra B, which consists of all B-measurable step functions with values in E.
So let E -(E;+,0e,Ie)
be a pseudo-effect algebra and B a Boolean algebra with the smallest and greatest elements Ob and 1b, respectively. We define
The set E[B]* is said to be a bounded Boolean power of E. Define, for any a € E, a mapping a : E B via In addition, we may assume that the finite decomposition of 1b is strictly positive (i.e., ti / Ob for each i). This form is called the reduced representation of / by its values. We recall that in this case / has a unique reduced representation. Indeed, if f = ' U = J2j bj • Sj, U, Sj > Ob, and {aj} and {bj} consist of pairwise different elements, then f(x) = Ob iff x ^ a* for any i, and f(x) = ti iff x = a,i, so that ai = bj and ti = Sj for some i and j. Proof. We can assume that N = {l,...,n}, and B = 2^. Then {{j} : j = l,...,n} is the set of atoms of B. On the other hand, let / 6 E[B\* and let it have the reduced representation / = ¿i • U-Then, for any x 6 E, we have
. Let E be a pseudo-effect algebra and let B be a Boolean algebra. For f,g€ E[B\* we define a partial binary relation + via
If we put Cj = ai whenever {j} < ti, then / = ¿j • {j}, which proves that h is surjective.
• Finally, we note that if E is a Boolean algebra, so is E[B]*, and there exists a tensor product of Boolean algebras, which in view of Theorem 5.3 is always a Boolean algebra.
Pseudo MV-algebras and PMV-test spaces
In accordance with [DiDv] , we show that the test spaces can be defined also for pseudo MV-algebras which are a special case of pseudo-effect algebras which were introduced by Georgescu and Iorgulescu [Gelo] . In what follows, we show that any PMV-test space will entail a pseudo MV-algebra, and conversely, for any pseudo MV-algebra M, the set of all its tests is a PMV-test space. In addition, there is a one-to-one correspondence between pseudo MV-algebras and PMV-test spaces as that among pseudoeffect algebras and algebraic test spaces in Theorem 3.2 and Proposition 3.1. Proof. By Proposition 6.1, (M \ {0},V(M)) is a PMV-test space. Define II by (3.3), then II is a pseudo-effect algebra by Theorem 3.2 which is isomorphic with M as pseudo effect algebras. Suppose now that ai + 02 = b\ + 62 in II. Our hypotheses stress that there are four elements en,C12,C21,C22 € II such that ai = en + ci2,a2 = C21 + C22> h = en + C21,62 = C12 + C22 and C12 A C21 = 0. Using this property, we can prove according to [DvVe I, Prop. 3.3] for all a, b G II. This proves also that M is isomorphic with II as pseudo MV-algebras. Conversely, let (X,T) be a PMV-test space. Then M :-II(X) is a pseudo-effect algebra by Theorem 3.2. Using the arguments from the first part of the present proof, we see that M can be converted into a pseudo MV-algebra.
